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Abstract 

Let G be a group with identity e. Let R be a G-graded commutative ring and M 
be a graded R-module. In this paper, we introduce the concepts of graded             
2-absorbing and weakly graded 2-absorbing submodules and study some of their 
properties. 

1. Introduction 

Graded prime and graded primary ideals of a commutative graded 
ring R with a nonzero identity have been introduced and studied by Refai 
and Al-Zoubi in [8]. Graded prime submodules of a graded R-module have 
been studied by Ebrahimi Atani and Farzalipour in [1, 5]. Also, graded 
weakly prime submodules of graded R-modules have been studied in [2]. 
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Here, we study graded 2-absorbing and weakly graded 2-absorbing 
submodules of graded modules over graded commutative rings. Before we 
state some results, let us introduce some notations and terminologies. Let 
G be a group with identity e and R be a commutative ring. Then R is a    
G-graded ring if there exist additive subgroups gR  of R such that 

gGg RR ∈=   and ghhg RRR ⊆  for all ., Ghg ∈  We denote this by 

( )., GR  The elements of gR  are called homogeneous of degree g, where 

gR  are additive subgroups of R indexed by the elements .Gg ∈  If 

,Rx ∈  then x can be written uniquely as ,gGg x∑ ∈
 where gx  is the 

component of x in .gR  Also, we write ( ) .gGg RRh ∪ ∈
=  Moreover, eR  is 

a subring of R and .1 eR R∈  Let I be an ideal of R. Then I is called 

graded ideal of ( ),, GR  if ( ).gGg RII ∩∈=   Thus, if ,Ix ∈  then 

gGg xx ∑ ∈
=  with .Ixg ∈  An ideal of a G-graded ring need not be        

G-graded. Let gGg
RR

∈
⊕=  be a G-graded ring and let I be a graded ideal 

of R. Then the quotient ring IR  is also a G-graded ring. Indeed, 

( ) ,gGg
IRIR

∈
⊕=  where ( ) { }.: gg RxIxIR ∈+=  For simplicity, we 

will denote the graded ring ( )GR,  by R, see [6]. 

Let R be a G-graded ring and M be an R-module. We say that M is a      
G-graded R-module (or graded R-module), if there exists a family of 
subgroups { } GggM ∈  of M such that gGg

MM
∈
⊕=  (as abelian groups) 

and ghhg MMR ⊆  for all ., Ghg ∈  Here, hg MR  denotes the additive 

subgroup of M consisting of all finite sums of elements hgsr  with 

gg Rr ∈  and .hh Ms ∈  Also, we write ( ) gGg
MMh

∈
= ∪  and the elements 

of ( )Mh  are called homogeneous. Let gGg
MM

∈
⊕=  be a graded R-module 

and N be a submodule of M. Then N is called a graded submodule of M, if 
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,gGg
NN

∈
⊕=  where gg MNN ∩=  for .Gg ∈  In this case, gN  is 

called the g-component of N. Moreover, NM  becomes a G-graded          

R-module with g-component ( ) ( ) NNMNM gg +=  for ,Gg ∈  see [6]. 

Let R be a G-graded ring and ( )RhS ⊆  be a multiplicatively closed 

subset of R. Then the ring of fraction RS 1−  is a graded ring, which is 

called graded ring of fractions. Indeed, ( ) ,11
gGg

RSRS −
∈

− ⊕=  where 

( ) { ( ) ( )}.degdegand,: 11 rsgSsRrsrRS g
−− =∈∈=  Let M be a 

graded module over a G-graded ring R and ( )RhS ⊆  be a multi-

plicatively closed subset of R. The module of fraction MS 1−  over a 

graded ring RS 1−  is a graded module, which is called module of fractions, 

if ( ) ,11
gGg

MSMS −
∈

− ⊕=  where ( ) { SsMmsmMS g ∈∈=− ,:1  and 

( ) ( )}.degdeg 1 msg −=  We write ( ) ( )gGg
RSRSh 11 −

∈

− = ∪  and 

( ) ( ) .11
gGg

MSMSh −

∈

− = ∪  

A graded R-module M is called graded cyclic if ,RmM =  where 

( ).Mhm ∈  A proper graded ideal I of R is said to be graded 2-absorbing 

(resp., weakly graded 2-absorbing) ideal if whenever ( )Rhtsr ∈,,  with 

( ),0.,resp IrstIrst ∈≠∈  then either Irs ∈  or Irt ∈  or .Ist ∈  A 

proper graded ideal P of R is said to be graded prime (resp., graded 
weakly prime) ideal if whenever ( )Rhsr ∈,  with Prs ∈  

( ),0.,resp Prs ∈≠  then either Pr ∈  or ,Ps ∈  see [3, 8]. A proper 

graded submodule N of a graded module M is said to be graded prime 
(resp., graded weakly prime) submodule if whenever ( )Rhr ∈  and 

( )Mhm ∈  with Nrm ∈  ( ),0.,resp Nrm ∈≠  then either ( )MNr R:∈  

or ,Nm ∈  see [1, 2, 5, 7]. 
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2. Graded 2-Absorbing Submodules 

In this section, we define the graded 2-absorbing submodules and 
give some of their basic properties. 

Lemma 2.1 ([1] and [4]). Let R be a G-graded ring, M be a graded          
R-module, and N be a graded submodule of M. Then the following hold: 

(1) ( ) { }NrMRrMN R ⊆∈= ::  is a graded ideal of R. 

(2) rN and Rm are graded submodules of M, where ( )Rhr ∈  and 

( ).Mhm ∈  

Definition 2.2. Let R be a G-graded ring, M be a graded R-module,    
N be a graded submodule of M and let .Gg ∈  

(i) We say that gN  is g-2-absorbing submodule of module-eR  ,gM  if 

;gg MN ≠  and whenever eRsr ∈,  and gMm ∈  with ,gNrsm ∈  then 

either ( )gRg MNrs e:∈  or gNrm ∈  or .gNsm ∈  

(ii) We say that N is a graded 2-absorbing submodule of M, if 
;MN ≠  and whenever ( )Rhsr ∈,  and ( )Mhm ∈  with ,Nrsm ∈  then 

either ( )MNrs R:∈  or Nrm ∈  or .Nsm ∈  

Lemma 2.3. Let R be a G-graded ring, M be a graded R-module, and 
N be a graded submodule of M. If N is a graded 2-absorbing submodule of 
M, then gN  is a g-2-absorbing odulesubmRe -  of gM  for every .Gg ∈  

Proof. Suppose that N is a graded 2-absorbing submodule of M. For 
,Gg ∈  assume that ,NNrsm g ⊆∈  where eRsr ∈,  and .gMm ∈  

Since N is a graded 2-absorbing submodule of M, we have either 
( )MNrs R:∈  or Nrm ∈  or .Nsm ∈  Since MM g ⊆  and 

,gg MNN ∩=  we conclude that either ( )gRg MNrs e:∈  or gNrm ∈  

or .gNsm ∈  So gN  is g-2-absorbing odulesubm-eR  of .gM  
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Theorem 2.4. Let R be a G-graded ring, M be a graded R-module, 
and N be a graded submodule of M. If N is an intersection of two graded 
prime submodules of M, then N is a graded 2-absorbing submodule of M. 

Proof. Suppose that ,21 NNN ∩=  where 1N  and 2N  are graded 

prime submodules of M. Let ( )Rhsr ∈,  and ( )Mhm ∈  with .Nrsm ∈  

Since 1Nrsm ∈  and 1N  is a graded prime submodule of M, we have 

either ( )MNr R:1∈  or ( )MNs R:1∈  or .1Nm ∈  Since 2Nrsm ∈  

and 2N  is a graded prime submodule of M, we have either 

( )MNr R:2∈  or ( )MNs R:2∈  or .2Nm ∈  If ( )MNr R:1∈  and 

( ),:2 MNs R∈  then ( ).: MNrs R∈  If ( )MNr R:1∈  and 

( ),:2 MNr R∈  then ( ) ( ) ( ),::: 2121 MNNMNMNr RRR ∩∩ =∈  

and hence ( ).: MNrs R∈  If ( )MNr R:1∈  and ,Mm ∈  then 

.Nrm ∈  In other cases, we do the same. Thus N is a graded 2-absorbing 
submodule of M. 

  

Theorem 2.5. Let R be a G-graded ring, M be a graded R-module, 
and N be a graded submodule of M. Let Gg ∈  such that gN  is a             

g-2-absorbing odulesubmRe -  of .gM  Then the following hold: 

(i) For every odulesubmRe -  V of gM  and every pair of elements 

eRsr ∈,  such that ,gNrsV ⊆  either ( )gRg MNrs e:∈  or gNrV ⊆  

or .gNsV ⊆  

(ii) ( )gRg MN e:  is a g-2-absorbing ideal of .eR  

Proof. (i) Suppose that VRsr e ,, ∈  is odulesubm-eR  of ,gM  

,, gg NrVNrsV ⊆/⊆  and .gNsV ⊆/  We show that ( ).: gRg MNrs e∈  

There are Vvv ∈21,  such that gNrv ∈/1  and .2 gNsv ∈/  Since ( +1vrs  
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) gNv ∈2  and gN  is g-2-absorbing odulesubm-eR  of ,gM  we conclude 

that either ( )gRg MNrs e:∈  or ( ) gNvvs ∈+ 21  or ( ) .21 gNvvr ∈+  If 

( ) ,21 gNvvs ∈+  then ,1 gNsv ∈/  since gNsv ∈1  implies that ,2 gNsv ∈  

which is a contradiction. Now, since gg NrvNrsv ∈/∈ 11 ,  and ,1 gNsv ∈/  

we have ( ).: gRg MNrs e∈  With a same argument, we can show that if 

( ) ,21 gNvvr ∈+  then ( ).: gRg MNrs e∈  

(ii) As gN  is a g-2-absorbing, we get ( ) .: egRg RMN e ≠  Now 

suppose that ( ),: gRg MNrst e∈  for some .,, eRtsr ∈  Let ,gtMV =  

then V is an odulesubm-eR  of .gM  Since gN  is a g-2-absorbing 

submodule of gM  and ,gNrsV ⊆  it follows from (i) that either 

( )gRg MNrs e:∈  or ( )gRg MNrt e:⊆  or ( ).: gRg MNst e⊆  

Therefore, ( )gRg MN e:  is a g-2-absorbing ideal of .eR  

  

Theorem 2.6. Let R be a G-graded ring, M be a graded R-module, 
and N be a graded submodule of M. Let Gg ∈  such that gM  is cyclic 

.- odulesubmRe  Then gN  is g-2-absorbing odulesubmRe -  of ,gM  if and 

only if ( )gRg MN e:  is a g-2-absorbing ideal of .eR  

Proof. Suppose that gN  is a g-2-absorbing submodule of .gM  By 

Theorem 2.5 (ii), we have ( )gRg MN e:  is a g-2-absorbing ideal of .eR  

Conversely, assume that ( )gRg MN e:  is a g-2-absorbing ideal of eR  

and let ,gNrsm ∈  for some eRsr ∈,  and for some .gMm ∈  Since gM  

is a cyclic module,-eR  xRM eg =  for some .gMx ∈  Hence, there exists 

eRt ∈  with .txm =  Hence ( ) ( ).:: gRgRg MNxNrst ee =∈  Since 

( )gRg MN e:  is g-2-absorbing ideal of eR  and ( ),: gRg MNrst e∈  we 
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conclude that either ( )gRg MNrs e:∈  or ( )gRg MNrt e:⊆  or  

( ).: gRg MNst e⊆  Thus ( )gRg MNrs e:∈  or gNrm ∈  or .gNsm ∈  

Therefore, gN  is a g-2-absorbing submodule of .gM  

 

Theorem 2.7. Let R be a G-graded ring, M be a graded R-module,     
N and V be graded R-submodules of M with .NV ⊆  Then N is a graded    

2-absorbing submodule of M, if and only if VN  is a graded 2-absorbing 

R-submodule of .VM  

Proof. Suppose that N is a graded 2-absorbing submodule of M. Let 
( ) ( ),,, MhmRhsr ∈∈  and ( ) .VNVmrs ∈+  Since N is a graded           

2-absorbing R-submodule of M and ,Nrsm ∈  we have either 

( )MNrs R:∈  or Nrm ∈  or .Nsm ∈  Hence either ( )VMVNrs R:∈  

or ( ) VNVmr ∈+  or ( ) .VNVms ∈+  Therefore, VN  is a graded           

2-absorbing R-submodule of .VM  Conversely, suppose that VN  is a 

graded 2-absorbing R-submodule of .VM  Let ,Nrsm ∈  for some 

( )Rhsr ∈,  and for some ( ).Mhm ∈  Since VN  is a graded 2-absorbing 

R-submodule of VM  and ( ) ,VNVmrs ∈+  we conclude that either 

( )VMVNrs R:∈  or ( ) VNVmr ∈+  or ( ) VNVms ∈+  and hence 

either ( )MNrs R:∈  or Nrm ∈  or .Nsm ∈  Therefore, N is a graded    

2-absorbing R-submodule of M.  

 

Recall that the graded radical of a graded ideal I, denoted by ( ),IGr  

is the set of all Rx ∈  such that for each ,Gg ∈  there exists 0>gn  

with .Ix gn
g ∈  Note that, if r is a homogeneous element, then ( ),IGrr ∈  

if and only if Irn ∈  for some ,N∈n  see [8]. A proper graded submodule 
N of a graded module M is said to be graded primary submodule, if 
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whenever ( )Rhr ∈  and ( )Mhm ∈  with ,Nrm ∈  then either Nm ∈  or 
(( )),: MNGrr R∈  see [7]. The following theorem shows the 

relationship between graded primary submodules and graded 2-absorbing 
submodules: 

Theorem 2.8. Let R be a G-graded ring, M be a graded R-module, 
and N be a graded submodule of M. If N is a graded primary submodule 
of M and ( )MNR R:  has no nonzero nilpotent elements, then N is a 

graded 2-absorbing submodule of M. 

Proof. Suppose that NrmNrsm ∈/∈ ,  and Nsm ∈/  for some   
∈sr, ( )Rh  and for some ( ).Mhm ∈  We show that ( ).: MNrs R∈  

Since N is a graded primary submodule of NrmNrsmM ∈/∈ ,,  and 

,Nsm ∈/  we have (( )).:, MNGrsr R∈  Thus ( ) ( )MNrs R:∈k  for 
some positive integer .k  Since ( )MNR R:  has no nonzero nilpotent 
element, we have ( ).: MNrs R∈  Therefore, N is a graded 2-absorbing 
submodule of M. 

  

A graded zero-divisor on a graded R-module M is an element 
( )Rhr ∈  for which there exists ( )Mhm ∈  such that 0≠m  but .0=rm  

The set of all graded zero-divisors on M is denoted by ( ).MZdvG R−  The 
following result studies the behaviour of graded 2-absorbing submodules 
under localization. 

Theorem 2.9. Let R be a G-graded ring, M be a graded R-module, 
and ( )RhS ⊆  be a multiplication closed subset of R. Then the following 

hold: 

(1) If N is a graded 2-absorbing submodule of M, then NS 1−  is a 

graded 2-absorbing submodule of .1MS−  

(2) If NS 1−  is a graded 2-absorbing submodule of MS 1−  and GS ∩  
( ) ,φ=− NMZdvR  then N is a graded 2-absorbing submodule of M. 
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Proof. (1) Suppose that NSl
m

t
r

s
r 121 −∈  for some ( )RSht

r
s
r 121 , −∈   

and for some ( ).1MShl
m −∈  Hence, there exists S∈k  such that 

.21 Nmrr ∈k  Since N is a graded 2-absorbing submodule of M and 

,21 Nmrr ∈k  we conclude that either Nmr ∈1k  or Nmr ∈2  or ∈21rrk  

( ).: MN R  If ,1 Nmr ∈k  then .111 NSl
m

s
r

sl
mr −∈=
k
k

 If ,2 Nmr ∈  then 

.122 NSl
m

t
r

tl
mr −∈=  So assume that ( ).:21 MNrr R∈k  Hence st

rr
k
k 21  

( ).:121 MNSst
rr

R
−∈=  Thus ( ).: 1121

1 MSNSt
r

s
r

RS
−−

−∈  Therefore, 

NS 1−  is a graded 2-absorbing submodule of .1MS−  

(2) Suppose that Nrtm ∈  for some ( )Rhtr ∈,  and for some         

∈m ( ).Mh  Hence .1111
1NSmtrrtm −∈=  Since NS 1−  is a graded           

2-absorbing submodule of ,1MS−  we conclude that either ∈= 111
rmmr  

NS 1−  or NStmmt 1
111

−∈=  or ( ).:111
11

1 MSNSrttr
RS

−−
−∈=  If 1

rm  

,1NS−∈  then there exists Ss ∈  such that Nsrm ∈  and since GS ∩  
( ) ,φ=− NMZdvR  we have .Nrm ∈  With a same argument, we can 

show that if ,1
1NStm −∈  then .Ntm ∈  So assume that ( NSrt 1

1
−∈  

)MSRS
1

1: −
−  and hence .11 NSMrtS −− ⊆  Now, we have to show that 

( ).: MNrt R∈  Let ( ),Mhl ∈  hence .1
11 NSMrtSrtl −− ⊆∈  So that 

there exists Sa ∈  such that .Nartl ∈  since ( ) ,φ=− NMZdvGS R∩  

we have .Nrtl ∈  Thus ( ).: MNrt R∈  Therefore, N is a graded             

2-absorbing submodule of M.   



KHALDOUN AL-ZOUBI and RASHID ABU-DAWWAS 54

Theorem 2.10. Let R be a G-graded ring, M be a graded R-module,    
N be a graded submodule of M and .Gg ∈  If gN  is a g-2-absorbing 

odulesubmRe -  of ,gM  then ( )mN eRg :  is a g-2-absorbing ideal of ,eR  

for all .gMm ∈  

Proof. Let .gMm ∈  Suppose that ( ) ( )mNrsmNrst ee RgRg :,: ∈/∈  

and ( ),: mNrt eRg∈/  for some .,, eRtsr ∈  We show that                   

∈st ( ).: mN eRg  Since gN  is a g-2-absorbing odulesubm-eR  of  ,gM  

gg NrsmNrstm ∈/∈ ,  and ,gNrtm ∈/  we conclude that 

( ).: gRg MNrst e∈  By Theorem 2.5 (ii), we have ( )gRg MN e:  is a      

g-2-absorbing ideal of .eR  Since ( ) ( )gRggRg MNrsMNrst ee :,: ∈/∈  

and ( ),: gRg MNrt e∈/  we have ( ) ( ).:: mNMNst ee RggRg ⊆∈  

Therefore, ( )mN eRg :  is a g-2-absorbing ideal of .eR    

 

3. Weakly Graded 2-Absorbing Submodules 

In this section, we define the weakly graded 2-absorbing submodules 
and give some of their basic properties. 

Definition 3.1. Let R be a G-graded ring, M be a graded R-module,    
N be a graded submodule of M and let .Gg ∈  

(i) We say that gN  is a weakly g-2-absorbing submodule of 

module-eR  ,gM  if ;gg MN ≠  and whenever eRsr ∈,  and gMm ∈  

with ,0 gNrsm ∈≠  then either ( )gRg MNrs e:∈  or gNrm ∈  or 

.gNsm ∈  
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(ii) We say that N is a weakly graded 2-absorbing submodule of M, if 
;MN ≠  and whenever ( )Rhsr ∈,  and ( )Mhm ∈  with ,0 Nrsm ∈≠  

then either ( )MNrs R:∈  or Nrm ∈  or .Nsm ∈  

Clearly, a graded 2-absorbing submodule of M (resp., a g-2-absorbing 
submodule-eR  of gM ) is a weakly graded 2-absorbing submodule of M 

(resp., weakly g-2-absorbing submodule-eR  of gM ). However, since { }0  

is always a weakly graded 2-absorbing submodule of M (resp., a weakly    
g-2-absorbing submodule-eR  of gM ) (by definition), a weakly graded     

2-absorbing submodule of M (resp., a weakly g-2-absorbing submodule-eR  

of gM ) need not be graded 2-absorbing (resp., g-2-absorbing). 

Lemma 3.2. Let R be a G-graded ring, M be a graded R-module, and 
N be a graded submodule of M. If N is a weakly graded 2-absorbing 
submodule of M, then gN  is a weakly g-2-absorbing odulesubmRe -  of 

gM  for every .Gg ∈  

Proof. The proof is similar to that of Lemma 2.3. 

  

Theorem 3.3. Let R be a G-graded ring, M be a faithful graded cyclic   
R-module, and N be a graded submodule of M. Then N is a weakly graded    
2-absorbing submodule of M, if and only if ( )MN R:  is a weakly graded 

2-absorbing ideal of R. 

Proof. Suppose that RmM =  for some ( ).Mhm ∈  Assume first 

that N is a weakly graded 2-absorbing submodule of M. Let ( ),,, Rhtsr ∈  

( ) ( )MNrtMNrst RR :,:0 ∈/∈≠  and ( ).: MNst R∈/  We show that 

( ).: MNrs R∈  Then, there are ( )Rhxx ∈21,  such that ∈/mrtx1 N  and 

Nmstx ∈/2  and hence Nrtm ∈/  and .Nstm ∈/  Since M is faithful and 

,0 rst≠  we have { }0≠rstM  and hence .0≠rstm  Since N is a weakly 
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graded 2-absorbing submodule of NrtmNrstmM ∈/∈≠ ,0,  and 

,Nstm ∈/  we conclude that ( ).: MNrs R∈  Conversely, assume that 

( )MN R:  is a weakly graded 2-absorbing ideal of R. Let Nrsm ∈≠ 0  

for some ( )Mhsr ∈,  and for some ( ).Mhm ∈  Then, there exists 

( )Rht ∈  with .tmm =  Thus ( ) ( ).::0 MNmNrst RR =∈≠  Since 

( )MN R:  is a weakly graded 2-absorbing ideal of R, we have either 

( )MNrs R:∈  or ( )MNrt R:∈  or ( ),: MNst R∈  and hence either 

( )MNrs R:∈  or Nrmrtm ∈=   or .Nsmstm ∈=   Therefore, N is a 

weakly graded 2-absorbing submodule of M.    

Theorem 3.4. Let R be a G-graded ring, M be a graded R-module, 

gMx ∈  and .eRr ∈  Then the following hold: 

(i) If ( ) ,gM rMrann g ⊆  then the ge rModulesubmR -  is a weakly        

g-2-absorbing submodule of ,gM  if and only if it is a g-2-absorbing 

submodule of .gM  

(ii) If ( ) ( ),: gReR MxRxann ee ⊆  then the xRodulesubmR ee -  is a 

weakly g-2-absorbing submodule of ,gM  if and only if it is a g-2-

absorbing submodule of .gM  

Proof. (i) Suppose that grM  is a weakly g-2-absorbing submodule of 

.gM  Let eRba ∈,,  and gMm ∈  with .grMabm ∈  If ,0 abm≠  then 

either ( )gRg MrMab e:∈  or grMam ∈  or ,grMbm ∈  since grM  is a 

weakly g-2-absorbing submodule-eR  of .gM  So assume that .0=abm  

Hence ( ) .grMarmmrba ∈=+  Assume first that ( ) .0 mrba +≠  Since 

grM  is a weakly g-2-absorbing submodule-eR  of gM  and ( )mrba +≠0  

,grM∈  we have either ( ) ( )gRg MrMrba e:∈+  or grMam ∈  or 

( ) ,grMmrb ∈+  and since ( ),: gRg MrMr e∈  we conclude that either 
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( )gRg MrMab e:∈  or grMam ∈  or .grMbm ∈  Hence, we may 

assume that ( ) 0=+ mrba  and thus .0=arm  Hence ( ) ⊆∈ rannam gM  

.grM  Therefore, grM  is a g-2-absorbing submodule of .gM  The 

converse is obvious. 

(ii) The proof is similar to that of part (i). 

  

The following results provides some conditions under which a weakly 
g-2-absorbing submodule-eR  of gM  is a g-2-absorbing. First, we need 

the following lemma: 

Lemma 3.5. Let R be a G-graded ring, M be a graded R-module, and 
N be a graded submodule of M. Let Gg ∈  such that gN  is weakly                   

g-2-absorbing odulesubmRe -  of gM  and let ge MmRba ∈∈ ,,  such 

that gg NbmamNabm ∈/∈ ,,  and ( ).: gRg MNab e∈/  Then the 

following hold: 

(i) .0=abm  

(ii) { }.0=gabN  

(iii) ( ) ( ) { }.0:: == gRggRg MNbmMNam ee  

(iv) ( ) { }.0: 2 =mMN gRg e  

(v) ( ) ( ) { }.0:: == ggRgggRg NMNbNMNa ee  

Proof. (i) Since gN  is a weakly g-2-absorbing submodule-eR  of ,gM  

gNbmam ∈/,  and ( ),: gRg MNab e∈/  we have .0=abm  

(ii) Assume that { },0≠gabN  then there exists an gNn ∈  such that 

.0≠abn  Hence ( ) .0 gNnmababn ∈+=≠  Since gN  is a weakly         

g-2-absorbing submodule-eR  of ,gM  we have either ( )gRg MNab e:∈  
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or ( ) gNnma ∈+  or ( ) .gNnmb ∈+  Hence either ( )gRg MNab e:∈  or 

gNam ∈  or ,gNbm ∈  which is impossible. Consequently, { }.0=gabN  

(iii) Assume that ( ) { },0: ≠gRg MNam e  then there exists an 

( )gRg MNr e:∈  such that .0≠arm  Hence ( ) .0 gNmrba ∈+≠  Since 

gN  is a weakly g-2-absorbing submodule-eR  of ,gM  we have either 

( ) ( )gRg MNrba e:∈+  or gNam ∈  or ( ) ,gNmrb ∈+  and hence 

either ( )gRg MNab e:∈  or gNam ∈  or ,gNbm ∈  which is 

impossible. Consequently, ( ) { }.0: =gRg MNam e  With a same 

argument, we can show that ( ) { }.0: =gRg MNbm e  

(iv) Assume that ( ) { },0: 2 ≠mMN gRg e  then there exist ,0a  

( )gRg MNb e:0 ∈  such that .000 ≠mba  By parts (i) and (iii), we have 

( )( ) .0 0000 gNmbbaamba ∈++=≠  Since gN  is a weakly g-2-absorbing 

submodule-eR  of ,gM  we have either ( ) ( ) ( )gRg MNbbaa e:00 ∈++  

or ( ) gNmaa ∈+0  or ( ) ,0 gNmbb ∈+  and hence either ( )gRg MNab e:∈  

or gNam ∈  or ,gNbm ∈  which is impossible. Consequently, 

( ) { }.0: 2 =mMN gRg e  

(v) Assume that ( ) { },0: ≠ggRg NMNa e  then there exist ( gNr ∈0  

)gR Me:  and gNx ∈0  such that .000 ≠xar  By parts (i), (ii), and (iii), we 

have ( ) ( ) .0 0000 gNxmrbaxar ∈++=≠  Since gN  is a weakly g-2-

absorbing submodule-eR  of ,gM  we have either 

( ) ( )gRg MNrba e:0 ∈+  or ( ) gNxma ∈+ 0  or ( ) ( ) ,00 gNxmrb ∈++  

and hence either ( )gRg MNab e:∈  or gNam ∈  or ,gNbm ∈  which is 

impossible. Consequently, ( ) { }.0: =ggRg NMNa e  With a same 

argument, we can show ( ) { }.0: =ggRg NMNb e   
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Theorem 3.6. Let R be a G-graded ring, M be a graded R-module, N be 

a graded submodule of M and let Gg ∈  such that ( ) { }.0: 2 ≠ggRg NMN e  

Then gN  is a weakly g-2-absorbing odulesubmRe -  of ,gM  if and only if 

gN  is g-2-absorbing odulesubmRe -  of .gM  

Proof. Suppose that gN  is a weakly g-2-absorbing odulesubm-eR  of 

gM  that is not a g-2-absorbing. Then, there exist eRba ∈,  and 

,gMm ∈  such that gg NbmamNabm ∈/∈ ,,  and ( )gRg MNab e:∈/  

Since ( ) { },0: 2 ≠ggRg NMN e  there exist, ( )gRg MNba e:, 00 ∈  and 

gNx ∈0  such that .0000 ≠xba  By Lemma 3.5, we have =000 xba  

( ) ( ) ( ).000 xmbbaa +++  Since gN  is a weakly g-2-absorbing 

odulesubm-eR  of gM  and ( ) ( ) ( ) ,0 000000 gNxmbbaaxba ∈+++=≠  

we conclude that either ( ) ( ) gNxmaa ∈++ 00  or ( )0bb +  

( ) gNxm ∈+ 0  or ( ) ( ) ( )gRg MNbbaa e:00 ∈++  and hence either 

∈ab ( )gRg MN e:  or gNam ∈  or ,gNbm ∈  a contradiction. Thus gN  

is a g-2-absorbing submodule-eR  of .gM  The converse is obvious. 
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