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Abstract

Let G be a group with identity e. Let R be a G-graded commutative ring and M
be a graded R-module. In this paper, we introduce the concepts of graded
2-absorbing and weakly graded 2-absorbing submodules and study some of their
properties.

1. Introduction

Graded prime and graded primary ideals of a commutative graded
ring R with a nonzero identity have been introduced and studied by Refai
and Al-Zoubi in [8]. Graded prime submodules of a graded R-module have
been studied by Ebrahimi Atani and Farzalipour in [1, 5]. Also, graded

weakly prime submodules of graded R-modules have been studied in [2].

2010 Mathematics Subject Classification: 13A02, 16W50.

Keywords and phrases: graded prime submodules, graded weakly prime submodules, graded
2-absorbing submodules, weakly graded 2-absorbing submodules.

Received March 6, 2014; Revised April 30, 2014

© 2014 Scientific Advances Publishers



46 KHALDOUN AL-ZOUBI and RASHID ABU-DAWWAS

Here, we study graded 2-absorbing and weakly graded 2-absorbing
submodules of graded modules over graded commutative rings. Before we
state some results, let us introduce some notations and terminologies. Let
G be a group with identity e and R be a commutative ring. Then R is a

G-graded ring if there exist additive subgroups R, of R such that
R =@4cgR; and RyRy c R,y for all g, h e G. We denote this by
(R, G). The elements of R, are called homogeneous of degree g, where

R, are additive subgroups of R indexed by the elements g e G. If

x € R, then x can be written uniquely as ngG Xgs where Xg 1s the

component of x in R,. Also, we write A(R) = UgeGRg‘ Moreover, R, is

a subring of R and 1z € R,. Let I be an ideal of R. Then I is called
graded ideal of (R, G), if I =@gcq(INRy). Thus, if x € I, then

X = deGxg with x, € I. An 1deal of a G-graded ring need not be

G-graded. Let R = @G R, be a G-graded ring and let I be a graded ideal
g€e

of R. Then the quotient ring R/I is also a G-graded ring. Indeed,
R/I = ® (R/I),, where (R/I), ={x+I:x e R,}. For simplicity, we
geG g g g

will denote the graded ring (R, G) by R, see [6].

Let R be a G-graded ring and M be an R-module. We say that M is a
G-graded R-module (or graded R-module), if there exists a family of
subgroups {M, }geG of M such that M = ® M, (as abelian groups)

geG

and R;Mj) < Mg, for all g, h € G. Here, R;M), denotes the additive
subgroup of M consisting of all finite sums of elements rgs; with

rg € Ry and s, € My, Also, we write h(M) = UG M, and the elements
ge
of h(M) are called homogeneous. Let M = @G M, be a graded R-module
ge

and N be a submodule of M. Then N is called a graded submodule of M, if
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N = gGEr)GNg, where N, = N1 M, for g e G. In this case, N, is

called the g-component of N. Moreover, M/N becomes a G-graded
R-module with g-component (M/N), = (Mg + N)/N for g € G, see [6].

Let R be a G-graded ring and S < h(R) be a multiplicatively closed

subset of R. Then the ring of fraction S™'R is a graded ring, which is

called graded ring of fractions. Indeed, S™'R = @G(SflR)g, where
ge

(S_lR)g ={r/s:reR seSand g = (degs) (degr)}. Let M be a
graded module over a G-graded ring R and S < A(R) be a multi-

plicatively closed subset of R. The module of fraction S'M over a
graded ring S Risa graded module, which is called module of fractions,

if STM = @ (S7'M),, where (S'M), ={m/s:meM,seS and
geG g g
g = (degs)(degm)l. We write A(ST'R)= UG(S_lR)g and
ge
rSM)= U (SM),.
( ) o~ G( )g

A graded R-module M is called graded cyclic if M = Rm, where
m € h(M). A proper graded ideal I of R is said to be graded 2-absorbing
(resp., weakly graded 2-absorbing) ideal if whenever r, s, t € h(R) with
rst € I (resp., 0 # rst € I), then either rse I or rt el or stel. A

proper graded ideal P of R is said to be graded prime (resp., graded

weakly prime) ideal if whenever r,se A(R) with rseP
(resp., 0 # rs € P), then either r € P or s € P, see [3, 8]. A proper

graded submodule N of a graded module M is said to be graded prime

(resp., graded weakly prime) submodule if whenever r e A(R) and
m € (M) with rm € N (resp., 0 # rm € N), then either r € (N :p M)
or m e N, seel,2,5,7].
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2. Graded 2-Absorbing Submodules

In this section, we define the graded 2-absorbing submodules and

give some of their basic properties.

Lemma 2.1 ([1] and [4]). Let R be a G-graded ring, M be a graded
R-module, and N be a graded submodule of M. Then the following hold:

(1) (N:gp M)={r e R:rM < N} is a graded ideal of R.

(2) rN and Rm are graded submodules of M, where r € h(R) and
m € h(M).

Definition 2.2. Let R be a G-graded ring, M be a graded R-module,
N be a graded submodule of M and let g € G.

(1) We say that N, is g-2-absorbing submodule of R,-module M, if

Ng # Mg; and whenever r, s € R, and m € Mg with rsm e Ng, then

either rs € (N, :g, Mg) or rm € Ng or sm € N,.

(i) We say that N is a graded 2-absorbing submodule of M, if
N # M; and whenever r, s € h(R) and m € h(M) with rsm € N, then

either rs e (N :p M) or rm € N or sm € N.
Lemma 2.3. Let R be a G-graded ring, M be a graded R-module, and

N be a graded submodule of M. If N is a graded 2-absorbing submodule of
M, then N, is a g-2-absorbing R,-submodule of M, for every g € G.

Proof. Suppose that N is a graded 2-absorbing submodule of M. For

g € G, assume that rsmeNg c N, where r,s e R, and meMg.

Since N is a graded 2-absorbing submodule of M, we have either
rse(N:g M) or rmeN or smeN. Since M, c M and

Ng = N Mg, we conclude that either rs € (N, :p, M) or rm € Ny

or sm € Ng. So N is g-2-absorbing R,-submodule of M,.
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Theorem 2.4. Let R be a G-graded ring, M be a graded R-module,
and N be a graded submodule of M. If N is an intersection of two graded
prime submodules of M, then N is a graded 2-absorbing submodule of M.

Proof. Suppose that N = N; (1 Ny, where N; and Ny are graded
prime submodules of M. Let r, s € h(R) and m € h(M) with rsm € N.
Since rsm € Ny and N; is a graded prime submodule of M, we have
either r € (N; :g M) or s e (N; :g M) or m € N;. Since rsm € Ny
and Ng is a graded prime submodule of M, we have either
re(Ng:g M) or se(Ng:p M) or me Ny. If re(N; :g M) and
se(Ny:g M), then rse(N:p M). If re(N;:p M) and
re(Ny:g M), then r e (N; :g M)N(Ng :p M)=(N; NNy :g M),
and hence rse(N:p M). If re(Ny:p M) and m e M, then
rm € N. In other cases, we do the same. Thus N is a graded 2-absorbing

submodule of M.

O

Theorem 2.5. Let R be a G-graded ring, M be a graded R-module,
and N be a graded submodule of M. Let g € G such that N, is a

g-2-absorbing R,-submodule of M. Then the following hold:

(i) For every R,-submodule V of M, and every pair of elements
r, s € R, such that rsV < N, either rs e (Ng :gp, Mg) or TV c N,

or sV ¢ Ng.
(i) (Ng ‘R, M) is a g-2-absorbing ideal of R,.

Proof. (i) Suppose that r,se R,,V is R,-submodule of Mg,
rsV . Ng, 1V & Ng, and sV ¢ Ng. We show that rs € (Ng g M,).

There are vy, vy € V such that rv; ¢ N, and svy ¢ N,. Since rs(v; +
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vg) € Ny and N, is g-2-absorbing R,-submodule of M,, we conclude
that either rs € (N, :g, M) or s(v; +vg) € N, or r(v; +vg) € Ng. If

s(v; +vg) € Ng, then sv; ¢ N, since sv; € N, implies that svg € N,

g >
which is a contradiction. Now, since rsv; € Ng, vy ¢ Ny and sv; ¢ N,
we have rs e (N : R, Mg ). With a same argument, we can show that if

r(v; +vg) € Ng, then rs € (Ng :p, Mg).

(i) As N

¢ is a g-2-absorbing, we get (N, ‘R, Mg)# R,. Now

suppose that rst e (N, 'R, M), for some r,s,t € R,. Let V =tM,,
then V is an R,-submodule of M,. Since N, is a g-2-absorbing
submodule of M, and rsV c N, it follows from (i) that either
rse(Ng g, My) or rtc(Ng:p Mg) or stc(Ng:p Mg).

Therefore, (Ng :gr, M) is a g-2-absorbing ideal of R,.
|

Theorem 2.6. Let R be a G-graded ring, M be a graded R-module,
and N be a graded submodule of M. Let g € G such that M, is cyclic

R,-submodule. Then Ng is g-2-absorbing R,-submodule of Mg, if and

only if (N4 'R, M) is a g-2-absorbing ideal of R,.

Proof. Suppose that N, is a g-2-absorbing submodule of M,. By
Theorem 2.5 (ii), we have (N, ‘R, M,) is a g-2-absorbing ideal of R,.
Conversely, assume that (N, : R, M g) is a g-2-absorbing ideal of R,
and let rsm € N, for some r, s € R, and for some m € M,. Since M,

is a cyclic R,-module, M, = R,x for some x € M,. Hence, there exists

g
t e R, with m =tx. Hence rste(Ng:g x)=(Ng:g Mg). Since

(Ng :g, M) is g-2-absorbing ideal of R, and rst € (N, :g, My), we
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conclude that either rse (N, :p Mg) or rtc(Ng:g Mg) or
st < (Ng :p, Mg). Thus rs € (Ng :g, M) or rm e Ny or sm e Ng.

Therefore, N, is a g-2-absorbing submodule of M.

O

Theorem 2.7. Let R be a G-graded ring, M be a graded R-module,
N and V be graded R-submodules of M with V < N. Then N is a graded

2-absorbing submodule of M, if and only if N/V is a graded 2-absorbing
R-submodule of M/V.

Proof. Suppose that N is a graded 2-absorbing submodule of M. Let
r,s e h(R), meh(M), and rs(m+V)e N/V. Since N is a graded

2-absorbing R-submodule of M and rsm e N, we have either
rse (N :g M)or rm € N or sm € N. Hence either rs € (N/V :p M/V)
or r((m+V)e N/V or s(m+V)e N/V. Therefore, N/V is a graded
2-absorbing R-submodule of M /V. Conversely, suppose that N/V is a
graded 2-absorbing R-submodule of M/V. Let rsm e N, for some
r, s € h(R) and for some m € h(M). Since N/V is a graded 2-absorbing
R-submodule of M/V and rs(m +V)e N/V, we conclude that either
rse (N/V :pg M/V)or r(m+V)e N/V or s(m+V)e N/V and hence
either rs e (N :p M) or rm € N or sm € N. Therefore, N is a graded
2-absorbing R-submodule of M.

O
Recall that the graded radical of a graded ideal I, denoted by Gr(I),
is the set of all x € R such that for each g € G, there exists ngy >0

with xgg e I. Note that, if r is a homogeneous element, then r € Gr(I),

if and only if r"* € I for some n € N, see [8]. A proper graded submodule

N of a graded module M is said to be graded primary submodule, if
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whenever r € h(R) and m € h(M) with rm € N, then either m € N or
reGr((N :gp M)), see [7]. The following theorem shows the
relationship between graded primary submodules and graded 2-absorbing

submodules:

Theorem 2.8. Let R be a G-graded ring, M be a graded R-module,
and N be a graded submodule of M. If N is a graded primary submodule
of M and R/(N :p M) has no nonzero nilpotent elements, then N is a

graded 2-absorbing submodule of M.

Proof. Suppose that rsm e N,rm ¢ N and sm ¢ N for some
r, s € h(R) and for some m € h(M). We show that rs e (N :p M).

Since N is a graded primary submodule of M, rsm € N, rm ¢ N and

sm ¢ N, we have r,se Gr((N :p M)). Thus (rs)’ e (N :g M) for
some positive integer k. Since R/(N :p M) has no nonzero nilpotent
element, we have rs € (N :p M ). Therefore, N is a graded 2-absorbing
submodule of M.

O

A graded zero-divisor on a graded R-module M is an element
r € h(R) for which there exists m € h(M) such that m = 0 but rm = 0.

The set of all graded zero-divisors on M is denoted by G — Zdvp(M). The
following result studies the behaviour of graded 2-absorbing submodules
under localization.

Theorem 2.9. Let R be a G-graded ring, M be a graded R-module,
and S < h(R) be a multiplication closed subset of R. Then the following
hold:

(1) If N is a graded 2-absorbing submodule of M, then ST'N is a
graded 2-absorbing submodule of S~

() If STIN is a graded 2-absorbing submodule of S™*M and SN G
—Zdvp(M/N) = ¢, then N is a graded 2-absorbing submodule of M.
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"nrm

r
Proof. (1) Suppose tha ~ 5 7°¢ S7IN for some ?1, %2 e (S'R)

and for some % e W(S"'M). Hence, there exists k e S such that

krirom € N. Since N is a graded 2-absorbing submodule of M and

krirgm € N, we conclude that either krym € N or ym € N or krirg €

krim r
L= L™ . SIN. If ym € N, then

(N :g M). If krym € N, then

ksl s 1
rom- Ty om -1 A7y
T T TE S™"N. So assume that krjrg € (N :p M). Hence
-2 ¢ § (N g M). Thus 222 < (SN : ., S'M). Therefore
st s t S™'R ’

S7IN isa graded 2-absorbing submodule of S—'m.

(2) Suppose that rim e N for some r,¢e h(R) and for some

m € h(M). Hence rtTm = {%% e SIN. Since STIN is a graded
2-absorbing submodule of S 1M, we conclude that either {% = % €

S7IN or %% _lm e S7IN or

rt_rt _(gln . -1 rm
g L=t e (STN i, STM). I

e STIN, then there exists s € S such that srm e N and since SN G
—~Zdvp(M/N) = ¢, we have rm € N. With a same argument, we can

show that if tTm e S7IN, then tm e N. So assume that th e (STIN

‘g1p SilM) and hence rtS™'M < S7IN. Now, we have to show that

rt e (N :zg M). Let [ e h(M), hence thl ertST'M < STIN. So that

there exists a € S such that art! € N. since SN\ G — Zdvgp(M |/ N) = ¢,
we have rtl e N. Thus rt e (N :pg M). Therefore, N is a graded

2-absorbing submodule of M. |
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Theorem 2.10. Let R be a G-graded ring, M be a graded R-module,
N be a graded submodule of M and g € G. If Ng is a g-2-absorbing

R,-submodule of M, then (Ng :p m) is a g-2-absorbing ideal of R,,

forall m e M,.

Proof. Let m € M. Suppose that rst € (Ng :p m), s ¢ (Ng :g, m)
and 1t ¢ (Ng:g m), for some rsteR,. We show that

st € (N4 :g, m). Since N, is a g-2-absorbing R,-submodule of Mg,

8

rstm € N,, rsm ¢ Ng and rtm ¢ Ng, we conclude that

g’
rst e (Ng :g, Mg). By Theorem 2.5 (ii), we have (N, :p M) is a
g-2-absorbing ideal of R,. Since rst € (Ng :g, M), s ¢ (N :g, M)
and rt¢(Ng:gp Mg), we have ste(Ng:p Mg)c (N, g m).

Therefore, (Ng 'R, m) is a g-2-absorbing ideal of R,.

3. Weakly Graded 2-Absorbing Submodules

In this section, we define the weakly graded 2-absorbing submodules

and give some of their basic properties.

Definition 3.1. Let R be a G-graded ring, M be a graded R-module,
N be a graded submodule of M and let g € G.

(i) We say that N, is a weakly g-2-absorbing submodule of
R,-module M, if N, # M,; and whenever r, s € R, and m € M,
with 0 # rsm € N, then either rse (N, :gp My) or rme N, or

sm e Ng.
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(i1) We say that N is a weakly graded 2-absorbing submodule of M, if
N # M; and whenever r, s € (R) and m € h(M) with 0 = rsm € N,

then either rs € (N :g M) or rm € N or sm € N.

Clearly, a graded 2-absorbing submodule of M (resp., a g-2-absorbing
R,-submodule of M ¢) 1s a weakly graded 2-absorbing submodule of M

(resp., weakly g-2-absorbing R,-submodule of M, ). However, since {0}

is always a weakly graded 2-absorbing submodule of M (resp., a weakly

g-2-absorbing R,-submodule of M,) (by definition), a weakly graded
2-absorbing submodule of M (resp., a weakly g-2-absorbing R,-submodule

of M ¢) need not be graded 2-absorbing (resp., g-2-absorbing).

Lemma 3.2. Let R be a G-graded ring, M be a graded R-module, and
N be a graded submodule of M. If N is a weakly graded 2-absorbing
submodule of M, then Ng is a weakly g-2-absorbing R,-submodule of

M forevery g € G.

Proof. The proof is similar to that of Lemma 2.3.

O

Theorem 3.3. Let R be a G-graded ring, M be a faithful graded cyclic
R-module, and N be a graded submodule of M. Then N is a weakly graded
2-absorbing submodule of M, if and only if (N :p M) is a weakly graded

2-absorbing ideal of R.

Proof. Suppose that M = Rm for some m € h(M). Assume first
that N is a weakly graded 2-absorbing submodule of M. Let r, s, t € h(R),
O#rste(N:p M), rt¢(N:p M) and st ¢ (N :p M). We show that
rs € (N :g M). Then, there are x1, x9 € h(R) such that rtx;m ¢ N and
stxom ¢ N and hence rtm ¢ N and stm ¢ N. Since M is faithful and

0 # rst, we have rstM = {0} and hence rstm = 0. Since N is a weakly
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graded 2-absorbing submodule of M, 0 # rstm e N, rtm ¢ N and
stm ¢ N, we conclude that rs e (N :p M). Conversely, assume that
(N :p M) is a weakly graded 2-absorbing ideal of R. Let 0 # rsm/ e N
for some r,s e (M) and for some m!/ € h(M). Then, there exists
t € (R) with m/ =tm. Thus 0 #rst e (N :p m)= (N :p M). Since
(N :p M) is a weakly graded 2-absorbing ideal of R, we have either
rse(N:g M) or rt e (N:gp M) or st e (N :p M), and hence either
rse (N :g M) or rtm = rm!/ € N or stm = sm/ € N. Therefore, N is a

weakly graded 2-absorbing submodule of M. O

Theorem 3.4. Let R be a G-graded ring, M be a graded R-module,
x € My and r € R,. Then the following hold:

@) If anny, (r) c rMg, then the R,-submodule rM, is a weakly
g-2-absorbing submodule of Mg, if and only if it is a g-2-absorbing
submodule of M 4.

(i) If anng (x) € (Rex :g, M), then the R,-submodule R.x is a
weakly g-2-absorbing submodule of Mg, if and only if it is a g-2-
absorbing submodule of M 4.

Proof. (i) Suppose that rM g 1s a weakly g-2-absorbing submodule of
Mg. Let a,b,e R, and m € Mg with abm e ng. If 0 # abm, then

either ab e (rMy :g, M,) or am € rM, or bm € M, since rM, is a

g
weakly g-2-absorbing R,-submodule of M,. So assume that abm = 0.
Hence a(b +r)m = arm € rM,. Assume first that 0 # a(b + r)m. Since
rMg is a weakly g-2-absorbing R,-submodule of M, and 0 # a(b +r)m
e rMg, we have either a(b+r)e (rMg :g, M,) or amerM, or

(b+r)m e rMg, and since r € (rMy :p, Mg), we conclude that either
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abe (rMg :g, Mg) or am erM, or bmerMg. Hence, we may
assume that a(b + r)m = 0 and thus arm = 0. Hence am e annyy, (r) c
rM,. Therefore, rM, is a g-2-absorbing submodule of M,. The
converse is obvious.

(11) The proof is similar to that of part (i).

O

The following results provides some conditions under which a weakly

g-2-absorbing R,-submodule of M, is a g-2-absorbing. First, we need

the following lemma:

Lemma 3.5. Let R be a G-graded ring, M be a graded R-module, and
N be a graded submodule of M. Let g € G such that N, is weakly

g-2-absorbing R,-submodule of M, and let a,be R,, m € Mg such
that abm € Ng, am,bm ¢ N, and ab ¢ (Ng:g Mg). Then the
following hold.:

(1) abm = 0.

(i) abN, = {0}.

(iii) am(Ng 'R, Mg)=bm(N, ‘R, M) = {0}.

(iv) (Ng g, Mg)’m = {0}.

() a(Ng :g, Mg)Ng =b(Ng :p, Mg)N, = {0}.

Proof. (i) Since N, is a weakly g-2-absorbing R,-submodule of Mg,
am, bm ¢ Ny and ab ¢ (Ng g, M, ), we have abm = 0.

(ii) Assume that abN, # {0}, then there exists an n € N, such that
abn # 0. Hence 0 # abn =ab(m+n)e N,. Since N, is a weakly

g-2-absorbing R,-submodule of Mg, we have either ab € (Ng g, M)
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or a(m +n)e Ny or b(m +n) e N,. Hence either ab e (N, :p Mg) or

am € Ng or bm € N, which is impossible. Consequently, abN, = {0}.

g

(i) Assume that am(N, :p M,) # {0}, then there exists an
re(Ng g, M) such that arm = 0. Hence 0 # a(b +r)n € N,. Since
N, is a weakly g-2-absorbing R,-submodule of M,, we have either
ab+r)e(Ng :g, My) or ame Ny or (b+r)me N,, and hence
either abe(Ngz:p Mg) or ameNgz or bme Ny which is
impossible. ~Consequently, am(Ng :g M,)=1{0}. With a same

argument, we can show that bm(N, :p M) = {0}.

(iv) Assume that (N, :p Mg Ym = {0}, then there exist aq,
by € (Ng :g, Mg) such that agbym = 0. By parts (i) and (iii), we have
0 # agbgm = (ag +a)(by +b)m e Ng. Since N, is a weakly g-2-absorbing

R,-submodule of M, we have either (ag +a)(by +b) € (N :p, M)

g’
or(ag +a)m € Ngor(by +b)m € N, and hence either ab e (Ng :g M)

or ame N, or bme Ng, which is impossible. Consequently,
2
(Ng g, My)"m = {0}.

(v) Assume that a(N, :g, Mg)Ng = {0}, then there exist 1y € (N
‘R, M g) and xo € N, such that aryxg # 0. By parts (1), (i1), and (ii1), we
have 0 # argxg = a(b+1r))(m+xp) € Ny. Since N, is a weakly g-2-

absorbing R,-submodule of M we have either

g,
a(b+m)e(Ng:g, Mg) or a(m+xp)e Ny or (b+1)(m+x9)e N,
and hence either ab € (Ng :g, M, ) or am € Ng or bm € N, which is
impossible. Consequently, a(Ng :gp Mg)N, = {0}. With a same

argument, we can show b(Ng g M, )N, = {0}. O
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Theorem 3.6. Let R be a G-graded ring, M be a graded R-module, N be

a graded submodule of M and let g € G such that (Ng :g, Mg ) Ng #{0}.
Then N, is a weakly g-2-absorbing R,-submodule of Mg, if and only if

N, is g-2-absorbing R,-submodule of M.

Proof. Suppose that N, is a weakly g-2-absorbing R,-submodule of
M, that is not a g-2-absorbing. Then, there exist a, b e R, and

m e Mg, such that abm € Ng, am, bm ¢ N, and ab ¢ (Ng :g, Mg)

g
Since (Ng g, Mg)zNg # {0}, there exist, ag, by € (Ng :g, Mg) and
xg € Ng such that agbyxg # 0. By Lemma 3.5, we have agbyxg =
(a+ag)(b+by)(m+xy). Since N, is a weakly g-2-absorbing
R,-submodule of Mg, and 0 # apbyxy =(a+ag)(b+by)(m+xp)e Ng,
we conclude that either (a+ag)(m+xy)e Ng or (b+by)
(m+xg)e Ng or (a+ag)(b+by)e(Ng:g M,) and hence either
abe(Ng g Mg) or am e Ny or bm € N, a contradiction. Thus N,

1s a g-2-absorbing R,-submodule of M,. The converse is obvious.
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